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Stable, carbon nanotori can be constructed from nanotubes. In theory, such rings could be used to fabricate
networks that are extremely flexible and offer a high strength-to-density ratio. As a first step towards realizing
such nanochains and nanomaile, the mechanical properties of connected carbon nanorings were investigated
via molecular dynamics simulation. The Young’s modulus, extensibility and tensile stength of nanorings were
estimated under conditions that idealize the constraints of nanochains and nanomaile. The results indicate
nanorings are stable under large tensile deformation. The calculated Young’s modulus of nanorings was found
increase with deformation from 19.43 GPa to 121.94 GPa without any side constraints and from 124.98 GPa
to 1.56 TPa with side constraints. The tensile strength of unconstrained and constrained nanorings is esti-
mated to be 5.72 and 8.522 GPa, respectively. The maximum strain is approximately 39% nanochains and
25.2% nanomaile, and these deformations are completely reversible.
DOI: 10.1103/PhysRevB.72.085416 PACS numbers: 81.07.b, 81.07.De, 61.46.w
I. INTRODUCTION
A topic of current interest is how elementary carbon nano-
structures might best be used in the design of macroscopic
material structures with optimized mechanical performance.1
For instance, carbon nanotubes CNT’s synthesized by a
variety of methods in both single-wall SWNT and multi-
wall MWNT structures2,3, are being considered as rein-
forcement fibers in epoxy resins. This is attractive since
CNT’s have a Young’s modulus on the order of 1 TPa Ref.
4 and can sustain high interfacial shearing stresses.5 Such
composites may some day offer significant advantages over
carbon reinforced resins currently used in industry.5–7 Other
approaches for mechanical design using CNT’s include rela-
tively thick matts of SWNT’s called Bucky paper8 and com-
posite CNT-polymer nanofibers. Nanofibers and ribbons have
been fabricated from SWNT’s1,9, which have been subse-
quently embedded in polymer sheets10 and textiles.11
CNT’s have certainly received the bulk of attention thus
far as elementary construction components, but other carbon
nanostructures may offer additional choices in designing ma-
terials with optimized mechanical performance. Bucky
balls,12 for instance, are being investigated as possible
lubricants,13 and carbon nanohooks can be used to make
nanovelcro.14 Unique mechanical properties associated with
nanohorns15 and nanojunctions16 may also lead to materials
synthesized with specialized mechanical properties. Of par-
ticular interest in the current investigation, though, are the
mechanical properties of nanotori. Also known as nanorings,
these closed structures have been considered theoretically for
some time where the focus has been on the stability of indi-
vidual rings. Earlier investigations focused on tori fabricated
with a series of heptagon-pentagon defects;17–19 more re-
cently, perfect toroidal polyhexes20 have been modeled
wherein the ends of a SWNT are brought together to form a
toroid free of any defects.21–23
In parallel with these computational studies of stability,
nanorings have been experimentally fabricated by a number
of researchers.25–29 As shown in Fig. 1, such nanorings have
also been observed to form in linked arrangements.28 Based
on their size, most of the nanorings observed must be com-
posed of multiwall nanofibers, but there is some indication
that perfect nanotori are formed as well.
To the best of our knowledge, the response of nanorings
to an applied load has not yet been studied. This information
is a necessary first step in determining how these tori may
best be used to construct materials with optimized mechani-
cal properties. For instance, nanorings might be embedded in
resin sheets or fibers. Even more exotic, though, would be
the construction of nanochains and two-dimensional struc-
tures, nanomaile, as illustrated in Figs. 2 and 3, which are
constructed by linking such rings together. The fabrication of
such structures, while daunting, would obviate the need to
use resins; the reduced mass and mechanical response are
strong motivators for at least considering the possibility of
creating these ring networks.
Molecular dynamics investigations figure prominently in
quantifying the mechanical response of nanostructures. In
FIG. 1. Color online Experimentally created nanorings. Re-
printed from Ref. 28 with permission from Elsevier.
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addition to the studies already noted, MD analyses have been
employed to estimate the Young’s modulus of SWNT’s,30 to
elucidate the roles of methane and neon on the mechanical
properties of nanotubes,31 to quantify the elastic and plastic
properties of MWNT’s,32,33 and to study CNT
compression.34,35 The force fields employed in these investi-
gations are based on the Brenner empirical bond order
potential.34,36–41 However, the Brenner potential does not in-
clude long range interaction such as van der Waals and Cou-
lomb interactions, and a Lennard-Jones term was typically
introduced to account for these effects.
Accurate geometry of ground state hydrocarbons can be
predicted with Brenner or modified Brenner potentials. How-
ever, the shape of the potential curve energy versus atomic
distance for bond breaking and reaction is not captured
accurately.42 Recently, though, a general bond-order-
dependent reactive force field ReaxFF Ref. 43 was devel-
oped by van Duin et al. which includes long range interac-
tions and bond dissociation. Reaction parameters are
obtained by fitting potential curves to quantum chemistry
QC calculations.42 ReaxFF provides an accurate descrip-
tion of hydrocarbon bond dissociation and reaction, geom-
etry, and heats of formation. In addition, it accurately cap-
tures quantum mechanical transition state energies—crucial
for describing the formation and the failure of
nanostructures.44
In the current work, the ReaxFF method was used to
quantify the mechanical properties of simple nanoring and
nanomaile structures. In order to ensure the accuracy of the
tool for carbon nanostructures, the Young’s modulus of a
SWNT was first calculated, and a nanoring structure was
equilibrated to verify its stability. The simulator was then
used to calculate the Young’s modulus, tensile strength and
maximum strain of nanorings under two types of loading.
II. APPROACH
ReaxFF provides a good description for the physical and
chemical properties of carbon hydrides, and the molecular
dynamics calculations presented in this paper utilize this
force field methodology to study nanotori. Details of the
force field method and model parameters associated with
carbon-carbon bonds can be found elsewhere.42
A. Validation of the force field model
The Young’s modulus of SWNT’s is well known both
through experiments and theoretical calculations, and Re-
axFF was applied to this geometry in order to generate an
elastic constant for comparison. A 10, 10 nanotube with
a length of 35.9 Å was equilibrated at 30 K for 5 ps and
was then put under tension at a constant loading rate
4.451010 s. The simulation was carried out in 0.25 fs
steps at 30 K in order to ensure that the carbon atoms had
sufficient kinetic energy to reach equilibrium position.
B. Geometry of an equilibrated nanoring
The initial structure for all calculations was taken to be a
perfect toroid created by closing a 5, 5 CNT of armchair
chirality with 50 unit cells 1000 carbon atoms. This ring,
shown in Fig. 4, is not in equilibrium since bonds on the
outer surface are stretched relative to those closer to the cen-
ter, and its evolution has been investigated previously using a
Brenner-Tersoff potential.23 It was reported that a kinked
structure developed, and so it was particularly important to
determine whether this kinking is also observed within the
ReaxFF paradigm. The nanoring was therefore annealed for
25 ps at 500 K in order to judge its stability. This process
was repeated for ring structures with 30, 40, 65, 85, and 100
units cells in order to quantify the change in structural sta-
bility with CNT length.
FIG. 2. Color online Illustration of a nanochain constructed of
CNT’s.
FIG. 3. Color online A two-dimensional ring structure in a
4-in-1 weave of nanomaile.
FIG. 4. Color online Isometric view of the initial structure of a
CNT nanoring. The nanoring was constructed from a perfect 5,5
nanotube.
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C. Young’s modulus, tensile strength and effective mass
density
In a standard calculation of the Young’s modulus of nano-
tubes, a tensile load is applied to either end. For nanorings,
however, direct application of the load to individual carbon
atoms leads to locally extreme tensile stresses and cata-
strophic failure. To avoid this, two 5, 5 nanotubes were
inserted into the nanoring as a tension frame, and a force was
applied on the ends of these nanotubes in order to deform the
structure. This setting idealizes the loading experienced by
one link in a nanochain and is shown in Fig. 5. A second type
of simulation considered the effect of left and right con-
straints on the extension of the nanoring in order to better
understand the mechanical response of nanomaile. The posi-
tion of small regions of carbon atoms at left and right were
therefore fixed as shown in the same figure.
MD simulations of nanoring deformation were performed
at 100 K in time steps of 0.25 fs. The loading rate was set to
0.002 Å per MD step which corresponds to a strain rate of
21011 s. To assess the effect of loading rate on the results,
a series of intermediate structures in the MD trajectory were
selected and annealed in order to obtain potential energies
not affected by the rate of strain. Structures were annealed at
100 K for 6.25 ps. A tension rate 41010 s was chosen for
the tensile strength calculation. The ring was loaded, and the
time slice just before rupture was selected for annealing at
100 K for 6.25 ps. The resulting structure was then used as
an initial condition for the calculation of tensile strength.
Tensile strain was calculated using = L−L0 /L0 where L0
is the initial nanotube length ring circumference and L is
the current nanotube length ring circumference.
The cross-sectional area of nanotubes is an important pa-
rameter in the calculation of Young’s modulus. The standard
view, accepted in the present work, is that a SWNT may be
viewed as a cylindrical shell. Then cross-sectional area is
given by S=dh where d and h are the diameter and wall
thickness of a SWNT.32,45–47 The wall thickness, h, is not
well defined for a SWNT, but it is reasonable to use the
interwall separation of graphite for this parameter.32 This
value, h=3.354 Å, is the same as the distance between the
layers of MWNTs and leads to estimates of the Young’s
modulus which are consistent with experimental
measurements.45 One exception to approach is the earlier
work of Yakobson, Brabec, and Bernholc, wherein a value of
h=0.66 Å was derived along with a nonphysical Young’s
modulus of 5.5 TPa.48 A second variation in methodology
was considered by Cornwell and Wille, who generated mo-
lecular dynamics estimates for the Young’s moduli based on
the assumption of a solid cylindrical cross section.49 Their
approach, though, gives a Young’s modulus that varies with
tube radius and is therefore viewed as not providing intrinsic
strength information about SWNTs.
The cross-sectional area of a nanoring is taken to be twice
the cross-sectional area of a SWNT. The tensile stress is then
=F /S, where F is the applied force. Since the mechanical
response is nonlinear for the nanoring, the elastic Young’s
modulus is defined differentially. The ultimate tensile









Here Fmax is the ultimate tensile force and n=1 and 2, re-
spectively, for the nanotube and nanoring.
FIG. 6. Color online Force vs strain curve for tensile loading
of a 10,10 SWNT.
FIG. 7. Color online Potential energy of the nanoring as a
function of time following initial formation. As indicated by the
plot, the energy equilibrates within 1 ps, but the simulation was
carried out to 25 ps to ensure that the configuation was stable. The
temperature of this simulation is 500 K.
FIG. 5. Color online Structure used for tensile testing of nan-
oring composed of one nanoring and two nanotubes. For the con-
strained case, simulating nanomaile, the left and right regions of the
ring were held fixed as shown.
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Consistent with the choice of cross-sectional area used in






where N and m are the number and mass of carbon atoms. l
is the length of nanotube and nanoring. The mass density of
the nanorings is then 1.467103 Kg/m3.
III. RESULTS
A. Validation of the MD force field
The force-strain curve of a SWNT is shown in Fig. 6 from
which the average Young’s modulus was estimated to be
1.047 TPa. This is in good agreement with other theoretical
and experimental results, an MD estimate of 1.03–1.04 TPa
for a nanotube thickness=0.335 nm;32 an MD estimate of
0.972 TPa for a nanotube thickness=0.34 nm;47 a tight bind-
ing method approximation of 1.24 TPa for a nanotube thick-
ness of 0.34 nm;50 and an experimental value of 1.25 TPa
obtained for SWNT’s with diameters of 1.0–1.5 nm.51
B. Equilibrated shape
Figure 7 shows the evolution of potential energy during
annealing at 500 K and indicates that the system has reached
an equilibrium state after approximately 1 ps. This energy
level is maintained for the remainder of the 25 ps simulation.
The equilibrated geometry and other 5, 5 rings are shown
in Figs. 8 and 9. The ring takes on a beltlike geometry in
order to minimize the distortion of carbon-carbon bonds.
While the inner side of nanoring is somewhat dented after
equilibration, carbon bonding connections do not change
from those of the unequilibrated ring and no kinks develop.
The same result was obtained in a series of simulations per-
formed between 200 K and 1000 K. The curvature of the
nanoring is relatively high due to the short length of the
nanotube used, and an even more circular cross section is
expected for nanorings with a greater circumference. The
lack of kinking is in contrast to that reported elsewhere for
which a Brenner-Tersoff potential yielded a kinked nanoring
structure for the same initial geometry.23 Specifically, Hod
and Rabani found that 5, 5 nanorings, formed in the same
way as in the current study, developed kinks if made of less
than 180 unit cells. The complicated nature of both Brenner-
Tersoff and ReaxFF potentials makes it difficult clearly iden-
tify the source of the discrepancy; however, the Brenner-
Tersoff potential sharply breaks the C-C bond when the C-C
distance is greater than 1.8 angstroms, while ReaxFF gives a
FIG. 8. Color online The equilibrated shapes of 5, 5 nanor-
ings with unit repetition lengths of 30, 40, 50, 65, 85, and 100. The
rings take on a beltlike geometry with dented inner surfaces. Ar-
rows indicate points identified as dents.
FIG. 9. Color online Cross-sectional views of 5, 5 nanorings
with unit repetition lengths of 30, 40, 50, 65, 85, and 100. The rings
take on a beltlike geometry with dented inner surfaces.
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much smoother description of the C-C bond in that
region—in agreement with ab initio calculations. Because of
this, the Brenner-Tersoff potential introduces a large artificial
force when bonds are stretched far beyond their equilibrium
values. This may be the cause of the kinks observed. In ad-
dition to the distinction between the potentials in the way
bonds are described, ReaxFF properly describes transition
states relevant to fullerenes while the Brenner-Tersoff poten-
tial tends to put them at very high energies. This also tends to
imply that ReaxFF model would give more accurate results.
A more detailed comparison with quantum mechanical cal-
culations is needed, though, to firmly assess the physicality
of nanoring kinks.
It may be, though, that both kinked and unkinked struc-
tures are stable for rings with only 50 unit cells. This would
be consistent with the work of Gao et al.24 who studied the
stability of 10, 10 nanorings. Using an MSFF force field
they identified three critical radii associated with the struc-
tural stability,
i RRb=38.9 Å, toroidal structures are not stable;
ii Rb	RRs=183.3 Å, both kinked and smooth rings
are stable;
iii Rs	R, only smooth rings are stable.
Between Rk and Rs, where both kinked and smooth struc-
tures are stable, the kinked structures have a lower free en-
ergy. It makes sense that a similar regime should exist for the
5, 5 rings as well and that the limits of this regime should
be much lower than those associated with the 10, 10 struc-
tures. That would be consistent with the conclusion of Hod
and Rabani that the value of Rs decreases with tube diameter.
We therefore posit that 5, 5 nanorings with 50 unit cells
39.2 Å are in the range between the 5, 5 values of Rk and
Rs.
The 5, 5 rings shown in Figs. 8 and 9 also indicate a
trend in cross-sectional shape. Rings below 25 repetition
units were found to be unstable, and even the 5, 5, 30 ring
was found to have broken bonds, as shown in Fig. 9. The 5,
5, 40 ring has a stable shape but with a roughened interior.
As the number of repeat units increases, though, rings tend to
FIG. 10. Color online Tensile loading of nanoring without side
constraints.
FIG. 11. Color online Potential energy vs strain curve for ten-
sile loading of nanoring without side constraints.
FIG. 12. Color online Force vs strain curve for tensile loading
of a nanoring without side constraints.
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take on a bimodal shape with dented regions that have a
more deformed cross-sectional area. Away from such dents,
the rings tend to be more circular in cross section. This bi-
modal character tends to become more extreme as the num-
ber of repeat units increases.
C. Young’s modulus
Figure 10 shows the deformation process of a nanoring
without side constraints. The nanoring surface becomes
smoother with bond elongation but bonding connections do
not change. Figure 11 shows the associated plot of potential
energy versus strain. At the beginning and end of the loading
curve, the equilibrated potential energy of a single point of
the MD trajectory is quite close to that obtained under dy-
namic loading.
Figure 12 shows the force-strain curve for nanoring de-
formation. The unconstrained nanoring ruptures at a force of
18 nN. By way of comparison, nanohooks fail at approxi-
mately 3 nN.14 For strains less than 20%, the relationship
between force and strain is approximately linear, and from
this curve the Young’s modulus of the unconstrained nanor-
ing was estimated to 19.43 GPa—about 2% of the value for
a single nanotube. For strains larger than 25%, the Young’s
modulus is 121.94 GPa—about 12% of the value for a single
nanotube.
Figure 13 shows the deformation process for a con-
strained nanoring. The deformation behavior is similar to the
case with no constraint, and here again the structure is stable
throughout the deformation. Significant structural distortion
was observed around the fixed atoms though. Figure 14
shows the potential energy versus strain curve under the con-
strained condition. Unlike the case without any constraints,
the equilibrated potential energy of the constrained case is
quite closed to the continuous loading curve. The deforma-
tion is primarily distributed in bond-length change which
corresponds to the end part of the unconstrained case. Figure
15 shows the force-strain curve of nanoring deformation un-
der constrained conditions. Similar to the case with no such
constraint, under small strain less than 3% the relationship
between force and strain is approximately linear and the
Young’s modulus of constrained nanoring is 124.9 GPa. This
value is about six times of the value of unconstrained one
FIG. 13. Color online Tensile loading of nanoring with side
constraints.
FIG. 14. Color online Potential energy vs strain curve for ten-
sile loading of nanoring with side constraints.
FIG. 15. Color online Force vs strain curve for tensile loading
of nanoring with side constraints.
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19.43 GPa, however it is still much lower than that of the
single nanotube—approximately 1 TPa. At strains higher
than 3%, the Young’s modulus is approximately 1.55 TPa—
nearly 50% higher than that of the SWNT.4
D. Tensile strength
In order to remove the effect of loading rate on the tensile
strength calculation, a very low rate was applied at the end of
the initial deformation. Figure 16 shows the breaking struc-
ture of both the constrained and unconstrained nanoring. It
can be seen that cracks originate from the outside of the
nanoring under both types of loading. The outer carbon-
carbon bonding length is larger than that inside, and the outer
bonding is less stable than that inside during the deforma-
tion. For both types of loading, ring failure initiates within
the interaction area between nanotubes and the nanoring.
Figure 17 shows the force-strain curve with slow tensile
loading for both structures. When some carbon-carbon bonds
are finally broken, the tensile force drops dramatically. How-
ever, the crack does not extend very quickly and further de-
formation required with additional tensile loading. This im-
plies that the nanoring structure has a high resistance to crack
extension. From the figure, it is estimated that the tensile
strengths of the unconstrained and constrained nanorings are
5.72 GPa and 8.52 GPa, respectively. These numbers are
compared with those of several other common materials in
Table I.
E. Strength-to-density ratio
The mass density of nanorings is extremely low. The ten-
sile strength to density ratio is the 3.89106 N−m/K g
nanochain and 5.81106 N−m/K g nanomaile, and
these values are compared with those for other materials in
Table II.
F. Flexibility
Perhaps the most important property of nanoring struc-
tures is their flexibility. Table III lists the maximum strain of
a number of classical materials for comparison, where it is
seen that the nanoring values are on the same order as poly-
crystalline aluminum and steel. Unlike these metallic sys-
tems, however, the nanoring deformation is completely re-
versible; nanochains and nanomaile will recover their
original shape when the external loading is removed. For
example, Fig. 18 shows the complete and stable recovery of
a highly deformed nanoring. Nanochains and nanomaile
therefore offer the possibility of creating macroscopic struc-
FIG. 16. Color online The structure of nanorings at failure, a
without constraints nanochain, b with constraints nanomaile.
FIG. 17. Color online Force vs time curves for loaded nanor-
ings constrained and unconstrained under tensile loads just below
that determined to cause failure.






Steel 0.8–1.4 Ref. 53
Aluminum 0.14 Ref. 53
Spider silk 1.3 Ref. 52
CNT composite 0.16 Ref. 57
CNT fibers 9–15 Ref. 9
Single CNT 150 Ref. 54







Steel 0.11–0.18 Ref. 53
Aluminum 0.05 Ref. 53
Spider silk 0.9 Ref. 52
CNT composite 0.015 Ref. 57
CNT fiber 6–10 Ref. 9
Single CNT 60 Refs. 54,55
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tures with the unique, dual character of high strength and
superior flexibility.
The large strains of the metallics is due, of course, to the
motion of dislocations implying that the strain rates must be
relatively low in order to achieve the maximum strains listed.
No such strain rate limitations would exist for the nanoring
structures.
IV. DISCUSSION
A reactive force field, molecular dynamics model Re-
axFF was used to create and mechanically load carbon na-
norings. Tensile loading was carried out both with and with-
out side constraints as a means of quantifying the mechanical
character of nanochains and nanomaile, respectively. The in-
fluence of defects on the mechanical properties, while cer-
tainly important, was not considered here.56
The nanoring Young’s modulus increases monotonically
with strain from 19.43 GPa to 121.94 GPa nanochains and
from 124.98 GPa to 1559.9 GPa nanomaile. An uncon-
strained 5, 5 nanoring with 1000 carbon atoms was found
to rupture at a force of 18 nN as compared with a 3 nN limit
of nanohooks.14 The tensile strength to mass density was
estimated to be 1.46–3.89 MJ/kg. This value is approxi-
mately 15–20 times that of steel and 1.5–4 times that of
spider silk. The maximum strain is about 39% nanochains
and 25.2% nanomaile, and these deformations are com-
pletely reversible.
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